The sounding mechanism of a cylindrical pipe fitted with a clarinet mouthpiece (CPCM) is studied. The main aim of this paper is to introduce a reliable and minimal model which satisfactorily reproduces nonlinear vibrations excited in the air column and associated hysteretic transitions between them when the blowing pressure is varied as a control parameter. Such phenomena are commonly observed for woodwind reed instruments blown artificially, as reported by Idogawa et al. The noteworthy point of our model is that a reflection function consists of two main inverted peaks, one with a long delay, which represents the reflection from the open pipeend, and the other with a short delay, which originates from the irregular bore geometry of the mouthpiece. Our numerical calculation is carried out using the Schumacher model [Acustica 48 (1981), 71], including such a reflection function. Many kinds of nonlinear vibrations, periodic and quasi-periodic vibrations, as well as the hysteretic transitions between them are obtained numerically. Our results reproduce those observed experimentally quite well. They strongly suggest that the sound wave reflection due to the irregularity of the mouthpiece is one of the essential properties of woodwind sounding. §1. Introduction
§1. Introduction
From the dynamical viewpoint, woodwind reed instruments can be regarded as a system with an air column, i.e. a linear resonator, in which the sound wave is excited and sustained by the supply of the airflow passing through the reed opening, the vibration of which is synchronized with that of the sound wave. 1) -5) The dynamics of the airflow through the reed opening is described by a set of nonlinear equations in which the driving force terms depend on the discrepancy between the air pressure in the air column and the blowing pressure in the mouth, and on the reed vibration. 1), 2) In traditional analysis, it is assumed that the main properties of the sound wave are characterized by the properties of the linear air column, e.g. the eigen-frequencies and the eigen-wavefunctions, and the nonlinear effect of the airflow through the reed opening only adds some detailed corrections to this, since the volume velocity of the airflow supplied from the mouth is usually much smaller than that of the stably excited sound wave. In the last few decades, several authors, however, found that nonlinear vibrations, e.g. quasi-periodic and chaotic vibrations, which cannot be predicted from the linear analysis of the air column, can be excited for woodwind reed instruments, and have concluded that the nonlinearity of the airflow plays a crucial role in understanding the sounding mechanism of such nonlinear vibrations. 6), 7), 9) - 12) In a series of recent experimental studies, 6), 7) Idogawa and his coworkers systematically investigated the sounding mechanism of woodwind reed instruments such as the clarinet, soprano saxophone, oboe and bassoon, and found that the sounding mechanisms of woodwind reed instruments are very complicated but have some common features. The experiments were carried out under simple conditions: All the tone holes were closed, and keeping the lip adjustment fixed, 8) the blowing pressure P was varied slowly between zero and a value P c , at which the reed was closed completely. It was found from these experiments under such simple conditions that woodwind reed instruments have the following common features in their sounding mechanisms.
w1) Several vibrational states are excited in the air column between 0 and P c , and each vibrational pattern of sound waves, which is periodic, quasi-periodic or (probably) chaotic, is different. Only one of them with the proper pitch * ) is used in normal playing, and most of the others are perceived as unpleasant squeals.
While each blowing pressure range in which an individual vibrational state is stably sustained is different from others, two or more states may be possibly excited at a given blowing pressure due to the overlap of their vibrational ranges. w2) When varying the blowing pressure very slowly, i.e. adiabatically, an abrupt change of the vibrational pattern, i.e. a state-to-state transition, takes place at the end of the vibrational range of a currently excited state. Such a transition is usually irreversible, due to the discrepancy of individual vibrational ranges, so that hysteresis is observed in the transition sequences. The transition diagram, i.e. the whole picture of the transitions among the states, obtained for a given lip-adjustment, sensitively depends on the change of the lip-adjustment.
The experimental results apparently indicate that woodwind reed instruments have some features that are common in nonlinear dynamical systems. Indeed, quasiperiodic and chaotic waves cannot be predicted from the linear analysis of the resonator. Each individual vibrational state is regarded as an attractor, so that woodwind reed instruments are characterized as multi-attractor systems, and the irreversible transitions between attractors may be caused by a sort of sub-critical-like bifurcation among the attractors. 11), 13) Hence, as the first step for understanding the sounding mechanism of woodwind reed instruments as nonlinear systems, we must construct a proper model. Several authors have proposed dynamical models for woodwind reed instruments, 1) -3), 14) including the celebrated and widely used Schumacher model for the clarinet, 1) and are still working to improve them to obtain more realistic and/or numerically efficient ones. 3) -5), 12), 15) -17) Such dynamical models are commonly characterized as a nonlinear system with a single or multi-linear-delayed-feedback. The airflow dynamics is described by a set of nonlinear equations and the reflection from the air column is characterized by a reflection function which makes a linear delay affecting the airflow dynamics. By using such models, some authors have numerically reproduced not only the fundamental wave with the proper pitch but also other nonlinear vibrational states, and further they have partially succeeded in reproducing transitions between the states. 1), 12), 16), 17) However, we do not yet have a proper model which completely reproduces the whole picture of the sounding mechanism of woodwind reed instruments characterized by the properties summarized in items w1 and w2. Thus, a proper model which is capable of reproducing the whole picture of the sounding mechanism of woodwind reed instruments is strongly desired.
In this paper, we focus our attention on woodwind single-reed instruments with nearly cylindrical air columns, such as the clarinet, whose sounding mechanism was thoroughly studied experimentally by Idogawa et al., 7) and we carry out a numerical study of the sounding mechanism of a cylindrical pipe fitted with the clarinet mouthpiece (CPCM) as a simplified model system of the clarinet. The reason we choose the CPCM rather than the clarinet is as follows. It has been confirmed experimentally that the sounding mechanism of the CPCM is almost the same as that of the clarinet, 18) and it is expected that analysis of the sounding mechanism of the CPCM is much easier than that of the clarinet because of its simpler air bore geometry without a bell and tone holes. As a key element of the sounding mechanism of the CPCM, we in particular pay attention to the reflection caused by the irregular geometry of the mouthpiece. Thus, the reflection function of our model consists of two main inverted peaks, one with a long delay time due to the reflection from the open pipe-end and the other with a short delay time originating from the irregular bore geometry of the mouthpiece. Our numerical calculation was carried out using the Schumacher model including such a reflection function, and so our model is characterized as a nonlinear system with a double delayed feedback. As shown in the following sections, many kinds of nonlinear vibrations, periodic and quasi-periodic vibrations, as well as hysteretic transitions between them are obtained numerically. They reproduce the experimental results quite well. Our results strongly suggest that the soundwave reflection due to the mouthpiece irregularity is one of the essential properties of woodwind sounding.
The organization of the paper is as follows. In §2, by reference to the experimental results reported by Idogawa et al., 6), 7) we reexamine the properties of the sounding mechanism of the clarinet and extract the main features of the clarinet sounding, which are peculiar to woodwind reed instruments with nearly cylindrical air columns, and do not appear in other woodwind reed instruments with conical bores. More detailed consideration of the clarinet sounding leads us to the hypothesis that the mouthpiece reflection plays a crucial role to produce rich nonlinear phenomena of vibrational states. In §3, we explain our numerical model in detail. We introduce the Schumacher model, including the reflection function with double inverted peaks, which is constructed according to the hypothesis proposed in §2. In particular, we describe the practical procedure of calculating the reflection function from the realistic bore geometry, including the mouthpiece, by using the one-dimensional wave approximation, namely an appropriate reductive method taking into account the irregular bore geometry. In §4, we discuss the results of the numerical calculation, which is carried out using the model introduced in §3. It is shown that our numerical model accurately reproduces the nonlinear wave vibrations as well as the hysteretic transitions among them, which are very similar to those observed experimentally. Section 5 is devoted to summary and discussion. In particular, we evaluate the extent to which our hypothesis is verified by our numerical study. §2. Features of artificial blown woodwind single-reed instruments with nearly cylindrical air columns
In this section, based on the experimental results reported by Idogawa et al., 6), 7) we reexamine the properties of the sounding mechanism of woodwind single-reed instruments with nearly cylindrical air columns, such as the clarinet, and from this examination, we derive a hypothesis that the reflection due to the irregularity of the mouthpiece bore is one of the key elements for reproducing the rich nonlinear phenomena observed experimentally, and for understanding the clarinet sounding. As discussed in the introduction, woodwind reed instruments have common features in their sounding mechanisms, but the details of the sounding mechanism, e.g. the variety of excited waves and the whole picture of the transition diagram, are different for each individual instrument. In particular, the clarinet with a nearly cylindrical air column has some interesting characteristics in its sounding mechanism that have never been observed in other instruments with a conical bore. The properties of the clarinet are described by the following items c1 and c2 (also see the schematic picture in Fig.  1 ). c1) The waves observed experimentally can be categorized into three groups as follows.
• Group 1: The fundamental wave with the proper pitch (∼ 147 Hz) and the quasi-fundamental waves, which are considered as deformed fundamental waves. They appear in the middle or high part of the whole active range of the blowing pressure.
• Group 2: Higher harmonic waves usually observed in a low or middle range. Several waves with a different pitch in the range 900 Hz -1400 Hz are observed.
• Group 3: Quasi-periodic (or probably) chaotic waves, which seem to be strongly deformed higher harmonic waves. In particular, quasi-periodic waves have mixed spectrum components of a higher harmonic pitch and a nearly fundamental one, and their ratio is not rational. From this fact, we naturally reach the hypothesis that the reflection due to the irregular bore geometry of the mouthpiece dominates the characteristics of the waves in Group 2. If this hypothesis is true, the waves in Group 3 would arise from the nonlinear coupling of those in Group 2 with those in Group 1. In other words, the nonlinear airflow at the reed opening simultaneously disturbed by two characteristic delay times, a long one from the open end and a short one from the mouthpiece discontinuity, could yield complicated non-linear waves belonging to Group 3. To verify the above hypothesis, we implement in the following sections a numerical test by using a model taking into account the two characteristic delay times.
As shown in c2, the clarinet has other peculiar features in its transition diagram. The fact that the blowing pressure ranges of the higher harmonics are relatively low compared to that of the fundamental wave is a necessary condition but not a sufficient condition to account for the fact that the sequence of excitation beginning from one of higher harmonic waves and ending at a fundamental or quasi-fundamental wave takes place when the blowing pressure is increased as a control parameter. This is because the selection of the state to be excited among the possible candidates of attractors depends subtly on the surrounding conditions, e.g. the lip-adjustment, the rate of increase of the blowing pressure, and the hysteretic paths taken in the course of transitions. Therefore, the transition from a higher harmonic to one belonging to the fundamental group is not always expected, even if there exists a higher harmonic excited in the lowest range. We have to examine under what conditions such a transition sequence really takes place. This is another point to be evaluated by the numerical calculation in the following sections.
It should be noted that the transition sequences of other woodwind reed instruments with a conical bore are much different. 6) In conical bores, the vibration usually starts at the fundamental or quasi-fundamental wave, and then a transition to a 2nd or 3rd harmonic occurs, as the blowing pressure is increased. It is suspected that the widely broaden hump appearing in the reflection function of a conical bore, namely the loose delay effect, suppresses the appearance of higher harmonics in the lower blowing pressure range, though the short, sharp peak of the clarinet due to the mouthpiece reflection fosters the higher harmonics in the lower range.
It should also be noted that a system with a single delayed feedback does not accurately reproduce the characteristic sounding mechanism of the clarinet. Indeed, the Schumacher model including only the open-end reflection cannot reproduce the waves in Group 2 and Group 3. 19) The nonlinearity of the airflow dynamics is usually not strong enough to reproduce the rich nonlinear phenomena of the clarinet sounding without the help of the mouthpiece reflection. A strong nonlinear model with a single delay, which is often used as a model of optical systems, exhibits a different route to chaos. 20), 21) A typical route of the period doubling bifurcation to chaos is observed, and after that, transitions to (noisy or chaotic) higher harmonic states occur as the control parameter is increased. Thus, the behavior of such a strongly nonlinear model is certainly different from that of the clarinet. In preliminary numerical studies, 22) we have already pointed out the importance of the mouthpiece reflection to reproduce the characteristic non-linear oscillations of the clarinet. In the present paper, the full numerical study is reported in detail.
In the numerical study described in the following sections, we employed a model of a cylindrical pipe fitted with a clarinet mouthpiece (CPCM) instead of a more realistic model of the clarinet. This is because it has been confirmed experimentally that the sounding mechanism of a CPCM also satisfies the properties c1 and c2 discussed above, and these are almost the same as those of a clarinet. 18) The only difference appearing in its sounding mechanism due to the simplicity of the bore geometry is in disappearance of chaotic states occasionally observed in the clarinet sounding. Such a simple air column system without a bell and tone holes is roughly characterized by a double-delayed feedback system. Thus it is rather convenient to correctly evaluate the influence of the mouthpiece reflection on the sounding mechanism of the instruments with the properties c1 and c2. Only a few properties of double-delayed systems have been analyzed theoretically. Mizuno and Ikeda have studied analytically the first oscillation mode of a double-delayed feedback system, 23) which is a model of compound optical resonators, and their predictions have been verified experimentally in some optical systems. 24) They have shown that doubledelayed systems have a very complicated excitation mechanism depending on the ratio of two delay times. In connection with the present work, they showed that higher harmonic waves are optimally excited when the ratio of the two delay times is chosen sufficiently large. Their theory does not, however, contain the fully nonlinear analysis and cannot predict the existence of quasi-periodic and chaotic states, as well as the hysteretic transitions among all the states observed. Therefore, it is worthwhile to investigate such a system in the general context of non-linear dynamics. §3. Setting up the numerical model
Brief sketch of the model
In this section, we introduce a numerical model which we used for study of the sounding mechanism of the CPCM, the results of which will be discussed in §4. As have been remarked in the previous sections, the dynamical properties of woodwind reed instruments are described well in terms of conceptually separate linear and nonlinear mechanisms: an air column and a reed valve (see Figs. 2 and 3). 1), 2) A nonlinear element, a vibrating reed (or vibrating reeds), which controls the volume flow supplied from the mouth, excites a linear, energetically passive multi-mode element. The linear element acts as a single or multi-delayed feedback and in turn influences the operation of the nonlinear element. The properties of the linear element, namely the air column, are characterized by the reflection function r(t), which is the acoustic analogue of the S-matrix of the scattering theory in the time domain. Suppose that an infinitely narrow pressure pulse in the form of a delta function δ(t) is input from the entrance of the air column at time t = 0. Indeed, the reflection function r(t) is represented by the reflective wave component observed at the entrance after the δ pulse is input if the air column is terminated at the entrance by a perfect absorber, such as a uniform, semi-infinite tube of the same cross section. Using the reflection function r(t), we immediately obtained the relation 1), 2)
where p denotes the sound pressure variation in the mouthpiece, U the (total) air volume velocity input to the air column, and Z 0 the characteristic impedance in inverse proportion to the area of the cross-section at the entrance. (Here, Z 0 = ρc/S c , when ρ is the air density, c is the speed of sound, and S c is the area of the cross-section at the entrance.) The above relation shows that the present sound pressure variation in the mouthpiece p(t) is determined by the sum of the present Z 0 U (t) and the effective delayed feedback contribution, which is expressed as a convolution integral of the characteristic reflection function r and the past history of the dynamical variable "p + Z 0 U ". On the other hand, the nonlinear element, namely the reed valve, which controls the air volume flow U , is described by a nonlinear function or by a set of nonlinear differential equations. Under the condition in which the steady flow approximation works well, the air volume flow U can be written as a function of the pressure variation p with a fixed blowing pressure P :
When p is larger than the closing pressure p c , the reed is opened and the function f (p, P ) is an upward convex function with a single maximum, although when p < P c , f (p, P ) = 0 because the reed is closed. Combining Eq. (2) 
Schumacher model
The Schumacher model consists of a set of differential equations, which is combined with the delayed influence of the linear element described as a convolution integral in Eq. (1) to govern the airflow dynamics and the vibration of the reed:
The above equations are meaningful only if the reed is opened (x > 0). When the reed is closed (x = 0,ẋ = 0), the air volume velocity at the reed opening U f should be taken as U f = 0, due to the fact that there is no airflow passing through the closed reed. (See Fig. 3 and Table I for the definitions and notations of the individual dynamical variables and values of constant parameters contained in the equations.)
As in Eq. (3), the motion of the reed is modeled by a damped harmonic oscillator driven by the discrepancy between the sound pressure variation in the mouthpiece p and the blowing pressure P . Equation (4) is the nonlinear equation of motion for the air volume velocity at the reed opening U f . 14) The first term on the right-hand side of Eq. (4) shows that the air current is driven by the difference between p and P . The second term is the frictional resistance to the flow, which depends nonlinearly on U f itself as well as on the height of the reed opening x. The effective mass of the air at the reed opening M e is given by Eq. (5). Adding the air volume velocity created by the movement of the reed, −S rẋ , to the volume velocity at the reed opening U f , the total air volume velocity U is obtained as
Substitution of U obtained from this equation into Eq. (1) yields p.
In our numerical study, we used the same choice for the values of the parameters as those used by Schumacher in his original model, except for the characteristic impedance Z 0 , the blowing pressure P , and the opening of the reed at rest x 0 . For these three parameters we used our own data. The characteristic impedance Z 0 was calculated from the bore geometry of the mouthpiece. It is inversely proportional to the area of the cross-section at the boundary, which virtually separates the system into non-linear and linear elements, and whose position is determined in the next subsection. The blowing pressure P varies up and down very slowly with a fixed rate, and it can be regarded as an adiabatic control parameter. The parameter x 0 is used to control the mean air volume velocity supplied from the mouth U f . For every fixed x 0 chosen in a relevant range of the reed opening, the numerical calculation was executed while varying the blowing pressure P very slowly as a control parameter, and we analyzed the properties of the acoustic waves which are excited in the air column.
Reflection function
In this subsection, we explain the method to calculate the reflection function from the geometry of the bore, including the clarinet mouthpiece. The geometry of the CPCM experimentally studied by Idogawa et al. 18) is shown in Fig. 4(a) . The pipe excluding the mouthpiece is 519 mm in length and 15 mm in internal diameter. This diameter is the same as that of the open end of the mouthpiece. When such a pipe is blown by using the clarinet mouthpiece, the fundamental wave observed is C # 3 (∼ 144 Hz) in pitch, which is slightly lower than that of the clarinet D 3 (∼ 147 Hz) with all the tone holes closed. The effective wavelength of the wave excited in the CPCM is, therefore, nearly equal to that of the clarinet.
To calculate the reflection function under the one-dimensional wave approximation, 3) we have to reduce the 3-dimensional bore geometry to an axially symmetric one that is composed of several cylinders and truncated cones joined in sequence. Although the interior geometry of the mouthpiece is irregular, an appropriate reduction method described below allows a conversion to an axially symmetric bore. First, we divide the bore into four pieces A -D (see Fig. 4 (b) ). The piece A is the cylindrical part, and the mouthpiece is divided into three pieces, B, C and D. The piece B is a short pipe, slightly tapering off toward the mouthpiece entrance. The cross-section of the piece C is almost rectangular, and so its form is well approximated by a truncated quadrangular pyramid. The pieces B and C are connected at an oblique angle, so that the center axes of the pieces B and C intersect at a finite angle. There exists a discontinuity at the boundary between B and C due to the difference in cross-section geometry. Therefore, a significant sharp reflection, which appears as a sharp peak with a short delay time in the reflection function, occurs due to the BC discontinuity. The piece D is excluded from the calculation for the reflection function. This is because the bottom of the piece D is, indeed, the vibrating reed, and hence the dynamics of the airflow in D may be described by the equations of the airflow in the Schumacher model. The conversion from a realistic bore geometry to an effective axially symmetric one is carried out under the following assumptions.
r1) The boundary surface between the pieces C and D plays the role of the area source that creates the input plane wave toward the open-end of the bore. r2) An approximately one-dimensional wave propagates along the center axis in each individual piece, while keeping its wavefront vertical to the axis. Then the effective length of each piece is measured along its center axis, and the total length of the reduced bore is the sum of them all. r3) The principal cause of the reflection inside the bore is the change in area of the cross-section along the axis, especially the discontinuity at the boundary between them, and the difference depending on the detailed geometry of the cross-section is negligible. Figure 4 (c) shows the equivalent axially symmetric bore determined under the assumptions mentioned above. The acoustic impedance of the bore Z(ω)[= p(ω)/U (ω)] is calculated by using the method introduced by Plitnik et al. 25) and improved by Caussé et al. 26) The reflection function is easily obtained from Z and Z 0 by taking the inverse Fourier transformation
where the characteristic impedance Z 0 (see Table I ) is determined from the area of the cross-section at the entrance of the bore, i.e. the area of the boundary surface between C and D. The reflection function thus obtained is displayed in Fig. 5 . It is seen that it contains two kinds of peaks. One kind is due to the open end reflection or the multiple reflections between the BC discontinuity and the open end, and the other kind is due to the direct reflection caused by the BC discontinuity. The largest inverted peak at t = 0.0036 sec and the smaller peaks at t = 0.007 sec and at t = 0.012 sec are the peaks of the first kind: The first peak is due to the reflection at the open end, and the second and third ones, respectively, undergo two and three roundtrips between the BC discontinuity and the open end before coming back to the entrance (CD boundary). They contribute as longer time delays. The peak of the second kind is situated at t = 0.0002 sec and introduces a shorter delay time. This is due to the direct reflection by the discontinuity between B and C. It is further accompanied by small irregular humps, representing the reflection from some irregular structure of the mouthpiece. Thus, the reflection function is roughly characterized as a double-peaked function, and it is a noteworthy feature of our system. Taking into account the d.c. resistance of the bore (Z 00 = 0.01Z 0 ), the value of the integral of r(t) is set up as follows: 1)
The reflection function obtained here is put into the Schumacher model for the numerical calculation carried out in the next section. Before closing this section, it is worthwhile mentioning numerical results of the Schumacher model, including the reflection function with a single inverted peak. When the reflection from the mouthpiece geometry is neglected, all the peaks, except that at t = 0.0036 sec, disappear, and the reflection function becomes a function with a single inverted peak corresponding to the open-end reflection. When the blowing pressure varies adiabatically, the Schumacher model with such a reflection function excites only the fundamental wave with the proper pitch, thereby yielding no hysteretic transition. To correctly reproduce the properties c1 and c2, we need to adopt the Schumacher model including the reflection function, taking into account the detail mouthpiece geometry mentioned above. §4. Numerical calculation
Properties of vibrational states
In this section, we show that the numerical model introduced in the previous section, which is characterized as a nonlinear system disturbed by two characteristic delays, accurately reproduces the characteristic properties of the sounding mechanism of the CPCM, as observed in the artificially blowing experiments. 18) In our numerical calculation, all parameters other than the reed opening at the rest x 0 and the blowing pressure P are fixed at each given value. On each trial, the parameter x 0 is fixed at a certain value, and the blowing pressure P is varied almost adiabatically with a sufficiently changing rate of change. The trial is repeated for many different values of x 0 . Considerably many vibrational states accompanied with hysteretic transitions between them are observed in some ranges of x 0 with a fixed rate of change of P . The whole network of hysteretic transitions among the states observed in each trial, i.e., the transition diagram, subtly depends on the choice of x 0 and on the rate of change of P . Many transition diagrams are, therefore, obtained in physically significant search ranges of the parameter x 0 (0.0 mm < x 0 ≤ 1.4 mm) and of the rate of change of P (1.5 kPa/sec ≥ |Ṗ | ≥ 0.01 kPa/sec).
In the following, we investigate the properties of the sounding mechanism of our numerical model, taking the result at x 0 = 1.068 mm as a typical example. Figure 6 displays the transition diagram obtained when P is varied up and down piecewise in an arbitrary manner with a constant rate at|P | = 0.1 kPa/sec, within the range of blowing pressure values for which at least one of the states can be excited. In Fig. 7 , we display some characteristic waveforms in the pressure variance of the mouthpiece p(t) observed in the transition diagram and the corresponding power spectra. In these figures, each state is labeled 'F x ' or 'H nx '. The label 'F x ' denotes a wave with an almost fundamental pitch appropriate for our system, where 'F ' denotes the fundamental wave and 'F a ' and 'F b ' the quasi-fundamental waves regarded as modified fundamental waves. The label 'H nx ' denotes a higher harmonic wave, whose dominant pitch, i.e. the frequency of its dominant Fourier component, is nearly n-times higher than the fundamental pitch, where the subscript character x is used to specify a state among the states with nearly the same pitch but with different waveforms.
As discussed in detail in the next subsection, when the rate of change of the blowing pressure is chosen as|P | = 0.1 kPa/sec, all the transitions among the states are almost adiabatic. The characteristics of the wave excited in each state are, therefore, maintained in the adiabatic limit as|P | → 0. An arrow connecting two vibrational states indicates a transition path: a solid line and a dotted line represent an upward transition and a downward transition as the blowing pressure is increased and decreased, respectively. Prior to describing the details of the transition phenom- ena, we discuss the characteristic properties of the individual states appearing in the transition diagram. Following the categories of waves with the properties c1 in §2, we categorize the waves observed in the transition diagram into three groups: the waves F, F a and F b , considered as fundamental or quasi-fundamental, are categorized into Group 1; the waves H 9a , H 11a and H 13 , considered as periodic (or almost periodic) higher harmonic waves, are categorized into Group 2; the waves H 9b and H 11b considered as quasi-periodic, which have non-negligible sub-dominant principal frequency components that create quasi-periodic motion together with the dominant principal frequency component, are categorized into Group 3. Let us consider the characteristic properties of the waves in each group.
Group 1, the fundamental and quasi-fundamental waves (F, F a and F b ):
The fundamental wave F is a wave which has the proper pitch for our system. The pitch obtained numerically (∼ 141 Hz) is slightly lower than the one observed experimentally (∼ 144 Hz). The fundamental wave is stably excited in the range 7.08 kPa < P < 13.34 kPa, which is located in the middle range of blowing pressure. Its waveform is stable and almost periodic over the whole range of pressure, and it is very similar to the experimental waveform. In Fig. 7(a-1) , we see the almost periodic waveform at P = 12.7 kPa. But its power spectrum in Fig. 7(a-2) shows that the wave is not correctly periodic with the fundamental pitch, but rather it represents a mode-locking solution with very weak sub-harmonics. The quasi-fundamental waves F a and F b are considered as deformed fundamental waves under the influence of the mouthpiece reflection, which causes the short time delay. These cannot be reproduced by the single-delayed model taking into account only the open end reflection, while a similar fundamental wave is obtained using such a model. Their blowing pressure ranges are different from that of the fundamental wave, and the width of each individual range is smaller than that of the fundamental: the blowing pressure range of F a (13.18 kPa < P < 14.29 kPa) is higher than that of the fundamental, while the blowing pressure range of F b (7.10 kPa < P < 10.16 kPa) overlaps the lower half of that of the fundamental. Their dominant pitches, i.e. the frequency of the dominant Fourier component ω F , are nearly equal to that of the fundamental one, but they sometimes have a sub-dominant principal frequency component, whose intensity is always smaller than that of the dominant principal frequency component. In particular, quasi-periodic or mode locking motion on a T 2 torus is observed in the behavior of F a in some regions of the blowing pressure range. Figures 7(b-1) and (b-2) display the waveform at P = 13.8 kPa and its power spectrum, respectively. In Fig. 7(b-1) , we see the wave with some small lumps due to the influence of the mouthpiece reflection. In the power spectrum in Fig. 7(b-2) , each major peak at ω ∼ mω F , where ω F denotes the fundamental pitch, is accompanied by many side peaks. This is a clear manifestation of quasiperiodicity or locking motion on the T 2 torus. Figure 8(a) , however, shows that the corresponding reconstructed attractor of the wave seems to be almost periodic, due to the negligibly small effect of the sub-dominant component. The ratio of the dominant and sub-dominant frequencies slightly changes, depending on P . For this reason, quasi-periodic motion and locking periodicity alternately observed as the blowing pressure was changed. On the other hand, F b is periodic or almost periodic on its whole range, like the fundamental F . In these states, F and F b , the two principal frequency components, are in a mode-locking state. The periodic motion is therefore maintained.
The properties of the quasi-fundamental waves obtained numerically are very similar to those observed in experiments. In particular, it was also observed in the experiments for the clarinet and the CPCM that the blowing pressure ranges of the quasi-fundamental waves are lower or higher than that of the fundamental wave, and similar quasi-periodic motion often appears in quasi-fundamental states. Group 2, the higher harmonic waves (H 9a , H 11a and H 13 ) The higher harmonic waves, H 9a , H 11a and H 13 , belonging to Group 2, are periodic or almost periodic with a negligibly small sub-dominant component. As an example of the waves in Group 2, the waveform at P = 7.8 kPa of the state H 11a and its power spectrum are shown in Figs. 7(c-1) and (c-2) , respectively. We see that the waveform of H 11a is completely periodic, with no frequency components lower than the 11-th harmonic. Although the 9th-harmonic state is excited in a higher range of the blowing pressure (10.10 kPa < P < 13.58 kPa), the 11th and 13th-harmonic states have blowing pressure in the ranges 6.95 kPa < P < 13.07 kPa and 6.08 kPa < P < 11.82 kPa, respectively, which are lower than that of the fundamental. As discussed in detail in the next subsection, in the course of excitation with an increase in the blowing pressure, a higher harmonic state with a lower blowing pressure range, i.e. H 11a or H 13 , is always excited before the fundamental F or quasifundamental F a is excited. This is one of the important properties in the sounding mechanism of the cylinder and the clarinet (i.e. the property c2 in §2). States with dominant, lower harmonic components, e.g. the 3rd and 5th harmonic, are not observed within the parameter range of our numerical studies. The non-existence of lower states in the transition diagram was also confirmed by experiments. Group 3, the quasi-periodic waves (H 9b and H 11b ) The states with apparent quasi-periodicity, H 9b and H 11b , appear in lower ranges, compared with those of the corresponding periodic states, H 9a and H 11a : H 9b in 8.84 kPa < P < 11.05 kPa and H 11b in 5.70 kPa < P < 6.62 kPa. Such quasiperiodic states excited in lower ranges are often observed in the experiments. A strong disturbance by low frequency components related to the fundamental or the lower (2nd and 3rd) harmonics is the main cause to make a periodic state transform into a quasi-periodic state. In Figs. 7 (d-1) and (d-2) , we show the wave at P = 6.4 kPa of H 11b and its power spectrum, respectively. In the power spectrum, we see not only the dominant component, represented by ω 11 ∼ 1507 Hz, but also the sub-dominant component, ω L ∼ 265 Hz, which has non-negligible intensity. It is very interesting that the sub-dominant component appears at a nearly 2nd harmonic rather than the fundamental pitch, while even harmonics are expected to be suppressed by the cylindrical geometry. The competition between the two delay times influencing the operation of the non-linear element probably generates such a component, which is not predicted by linear analysis. Similar quasi-periodic states with a sub-dominant component at a nearly even (2nd or 4th) harmonic are frequently observed in experiments. 7), 18) Since the ratio of the two principal frequencies, i.e. ω 11 /ω L , changes depending on P , quasi-periodic motion with irrational ratio and locking periodicity with a rational ratio alternately appear as P is varied. In 
8(b)
, we see the motion on a two-dimensional torus T 2 in the reconstructed phase space.
In the case of the quasi-fundamental state F a which has quasi-periodicity, the low frequency component is dominant. On the other hand, in the states in Group 3, the high frequency component is dominant. In those states, the waveforms in the two cases differ greatly. In the sense of quasi-periodicity, it may be, however, better to categorize F a into Group 3. It is natural to suppose that such a quasi-periodic attractor including F a is very close to a 'mother' periodic attractor and bifurcates from it, probably through a sub-critical-type bifurcation. We note that there is a gap in between the blowing pressure ranges of H 11a and H 11b , but its physical cause has not yet been clarified.
Hysteretic transitions between vibrational states
As discussed in the previous subsection, blowing pressure ranges of vibrational states differ from each other, and several ranges overlap in some intervals in the range of the blowing pressure. Thus, hysteretic transitions among the states are observed when P is varied very slowly. The problem to determine which sequence of states is observed in the course of excitation when P is changed is not easy, because there coexist several vibrational states that all can potentially be excited. Indeed, when the blowing pressure is varied very slowly and reaches an end of the range of a currently excited state, the selection of the next state to be excited among several coexistent states sensitively depends on several conditions, such as the reed opening, the rate of change of the blowing pressure, the phase of the wave when a transition occurs, and so on. In this subsection, we particularly concentrate on variations of transition paths in the case that the rate of change of the blowing pressure is changed from an adiabatic regime to a non-adiabatic regime.
Consider the transition diagram with the changing rate at |Ṗ | = 0.1 kPa/sec in Fig. 6 . Most of the transition routes shown in the transition diagram are irreversible, and there are only a few reversible routes of transitions. In the hatched region labeled 'transient', there exists a transient state, which has an observable lifetime but finally undergoes a transition to another stable state even if the pressure is fixed there. Although the transient regions seemingly correspond to finite ranges of the blowing pressure, their widths converge to zero in the adiabatic limit as |Ṗ | → 0. Within the limit of our computational ability, we confirmed that the transition diagram obtained at the rate |Ṗ | = 0.1 kPa/sec does not significantly change as |Ṗ | → 0, which implies that the essential structure of the transitions is invariant in the adiabatic limit. Thus, all the transitions among the states at the rate |Ṗ | = 0.1 kPa/sec are almost adiabatic. In this way, it is found that the selection rule of a single transition seems to be stable in the adiabatic limit. However, if the rate is larger than 0.1 kPa/sec, the selection rule significantly changes and other transition paths, that is, non-adiabatic paths, are observed, depending on the magnitude of the rate |Ṗ |.
To investigate the difference between the adiabatic and non-adiabatic regimes, we compare the two cases at |Ṗ | = 0.1 kPa/sec (adiabatic) and |Ṗ | = 1.0 kPa/sec (non-adiabatic). For convenience, we treat the process while varying the blowing pressure back and forth: The blowing pressure is increased at a constant rate from (a) 0 kPa to 15 kPa, at which the reed is completely closed, and then it is returned to 0 kPa, decreasing at the same rate. Figure 9 displays a comparison of the results for rates at 0.1 kPa/sec and at 1.0 kPa/sec. In the process during which the blowing pressure is increased at the rate 0.1 kPa/sec, the quasi-periodic state H 11b starts to vibrate after a short transient motion appears, and soon a transition from H 11b to H 13 occurs. The state H 13 continues to be excited in a wide range of the blowing pressure. Then, after the blowing pressure passes through one of the ends of the range of H 13 , the states H 9a and F a are excited in sequence, and then the vibration finally stops at the upper limit of the range of F a . On the other hand, in the case that the pressure increases at a rate of 1.0 kPa/sec, another transition sequence is observed: → H 13 → F → F a →, and then the vibration is stopped. In the processes during which the rates decrease at 0.1 kPa/sec and 1.0 kPa/sec, the following transition sequences are observed: For 0.1 kPa/sec, → F → H 13 → H 11b →, and then the vibration is stopped, and for 1.0 kPa/sec, → F → H 11b →, and then vibration is stopped. Thus, in both the increasing and decreasing processes, different transition sequences are observed in the adiabatic and non-adiabatic cases. There exist, however, some features common to both the adiabatic and non-adiabatic cases. In the increasing process, the vibration always starts from a higher harmonic state in Group 2 or a quasi-periodic state in Group 3, so that the fundamental or quasi-fundamental is not excited for the first time, but the vibration stops after the quasi-fundamental F a is excited. In the decreasing process, the vibration starts from the fundamental F , and then the transition to a higher harmonic state or quasi-periodic state is observed. For every different value of the reed opening parameter x 0 , a higher harmonic or quasi-periodic state is always excited for the first time in the transition sequence with an increase in the blowing pressure, but the fundamental and/or quasifundamental(s) do not always appear in the transition sequence. Thus whether the fundamental and/or quasi-fundamental(s) are observed or not sensitively depends on x 0 . When the fundamental and quasi-fundamental(s) do not appear, only transitions from a higher harmonic (or quasi-periodic state) to another higher harmonic (or quasi-periodic state) are observed.
All the transition sequences obtained with adiabatic or non-adiabatic increase of the blowing pressure for different values of x 0 can be categorized into the following three sequences:
• higher harmonic states (or quasi-periodic states) → the fundamental → quasifundamentals • higher harmonic states (or quasi-periodic states) → quasi-fundamentals • higher harmonic states and/or quasi-periodic states only
There is a threshold value in the rate |Ṗ | below which the transition network in the diagram is the same as in the adiabatic limit. Beyond the threshold value, the network in the diagram changes, depending on the rate |Ṗ |. Furthermore, the observable ranges of transient vibrations appear in the diagram, and the widths of the transient regions grow as the rate increases from the threshold.
The appearance of the transient vibrations is the key to understanding the stateselection-mechanism in the transitions, i.e. the mechanism determining which state is excited among all the coexistent states after undergoing a transition. It is, therefore, important to clarify the instability of the wave motion in the transient regions in terms of nonlinear dynamics and to determine some dynamical quantity to characterize the difference between the adiabatic and non-adiabatic regimes. Finally, it should be noted that even though the system is in the adiabatic regime, the transition network in the diagram changes, depending on the other system parameters, e.g. the reed opening x 0 . §5. Discussion
In this paper, we have investigated the sounding mechanism of the CPCM using the Schumacher model, 1) including the reflection function characterized by the two inverted peaks, and succeeded in showing that our numerical model accurately reproduces the essential features of the transition sequence observed in experiments. 18) In particular, our model can reproduce various waveforms, whose properties are similar to those in artificial blowing experiments. In summary, our model has essentially the same sounding mechanism as that observed experimentally. It is essential that the reflection function has two peaks due to two kinds of delays. Indeed, a model taking into account only the open reflection does not succeed in reproducing the complicated hysteretic transitions obtained in this paper. 19) Thus, the two kinds of time delays introduce a multi-delayed feedback into the nonlinear airflow dynamics and result in a rich variety of vibrations. There is also a change in the relative feedback strength due to the subtle influences of the two delays on the wave to be excited. When the long time delay due to the open end reflection is dominant, fundamental or quasi-fundamental wave in Group 1 is excited, but if the short time delay originating from the mouthpiece reflection is dominant, a higher harmonic in Group 2 appears. If the feedbacks due to the two delays are almost balanced, waves having the dominant frequency component(s) either of the fundamental or of higherharmonics, or both, could be excited. Therefore, the competition between the two delayed feedbacks in the contribution to the wave motion, along with the nonlinear airflow dynamics, makes the system a multi-attractor system, for which hysteretic transition phenomena are observed as the control parameter is varied slowly.
Although we have succeeded, by introducing an effective numerical model, in reproducing qualitative properties of the sounding mechanism, there exist some differences in the quantitative properties. The most important difference is with regard to the value of the blowing pressure at which the higher harmonic wave with the lowest range starts to vibrate. In experiments, a higher harmonic wave starts to vibrate at a fairly low range, P ∼ 3 kPa, but the starting point of the vibration in our model is in much higher range, P ∼ 6 kPa. Furthermore, the ranges of higher harmonics in the experiments occupy a relatively lower interval of the blowing pressure than those in the numerical results. Thus, the final transition point from a higher harmonic to one of the Group 1 vibrations is usually higher in the numerical results than in the experiments. To achieve more quantitatively satisfactory agreement with the experimental results, a further improvement of our model is needed. For example, the Schumacher model used in our calculation does not include lip-adjustment parameters, 8) which are important to introduce the contribution of lip elasticity to the reed motion. Probably, some improvements of the equations of motion for the reed as well as for the airflow dynamics are necessary.
As discussed in §2, it has been confirmed experimentally that the sounding mechanism of the CPCM is very similar to that of the clarinet. This is the reason we employ the cylinder system as a minimal model for the clarinet sounding. The reflection function calculated from the realistic bore of the clarinet is, however, much more complicated compared with that of the cylindrical system. That is, even if all the tone holes are closed, the reflection function for the clarinet would have many reflection peaks due to the discontinuities at the closed tone holes, 27) and further, the bell reflection would significantly broaden the peak of the open-end reflection. It is interesting to inquire why the two systems have essentially the same sounding mechanism even though have much different reflection properties due to the difference of the bore geometries. This question is equivalent to asking whether the mouthpiece reflection is still the most important element for the clarinet sounding. This is a problem left for a forthcoming publication.
As discussed in §4.2, the hysteretic transition under the adiabatic or non-adiabatic process is one of the important characteristics in multi-attractor systems. In our case, transition phenomena sensitively depend on several types of conditions: the reed opening, the rate of change of the blowing pressure, the phase of the wave when a transition is occurring, and so on. In particular, when non-adiabatic transitions occur, the unstable transient states occupy observable regions in the blowing pressure. Furthermore, the selection of the state that will be excited next after a transition depends on the sensitivity of the transient state. In other words, instability of transient states causes sensitivity in transitions. We therefore suggest that the instability of transient states is a key to understanding the transition mechanism and to finding some dynamical quantity to characterize the difference between the adiabatic and non-adiabatic regimes.
Finally, we mention the relation between our results to those in other fields in which the same type delayed feedback systems are investigated. Indeed, nonlinear systems with a single-(or multi-) delayed feedback have been also studied in many other fields. In particular, a model for optical waves excited in a nonlinear optical cavity driven by an input laser is known as a typical example of systems with a single delay time. 20), 21) Such an optical model has several features in common with those in musical acoustics, but the observed phenomena are quite different. Such optical systems are also characterized as a multi-attractor systems, but the observed waves exhibit strongly chaotic behavior moving spontaneously among attractors, i.e. the phenomena called "chaotic itinerancy". Such strong chaotic behavior is due to the strong non-linearity of the power source, which exhibits a typical period doubling chaos even if the system has a single δ-peak delay. On the other hand, musical instruments usually have no such strong non-linearity. Therefore, to make rich nonlinear phenomena, multi-delays are necessary for musical instruments, while optical systems usually have a single delay. For strong non-linear systems with a single delay time, the route of period-doubling → chaos → chaotic higher harmonics → chaotic itinerancy (developed chaos) is observed, but for weak non-linear systems characterized by multi-delay feedback, the route of periodic motion → T 2 torus → locking torus → chaos would be observed, if any route to chaos exists. It is worthwhile mentioning that quasi-periodic waves accompanied by hysteretic transitions have also been observed in experiments for some optical systems with two delay times. 24) Thus we believe that the non-linear phenomena reproduced by our numerical model are not peculiar to musical instruments, but are rather generic in a sort of double-(or multi-) delayed feedback systems. Therefore, it is very important to investigate such a system in the general context of non-linear dynamics.
